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General Notation

N := {1, 2, 3, . . .}.

N0 := {0, 1, 2, . . .} = {0} ∪ N.

Q, R, and C denote the set of rational numbers, real numbers, and
complex numbers, respectively.

P denotes the set of prime numbers.
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Monoids

A monoid M = (M, ∗) is defined as a nonempty set with a binary
operation ∗ : M ×M → M satisfying the following properties.

Associativity: For any b, c , d ∈ M, we have (b ∗ c) ∗d = b ∗ (c ∗d).

Identity Element: There exists an element e of M, often denoted
by 0 or 1, such that, for any b ∈ M, the following holds:
e ∗ b = b ∗ e = b.

Let (M, ∗) be a monoid, and let N ⊆ M. Then N is a submonoid of M if
it has the following properties:

eM ∈ N, and

N is closed under ∗ (for all b, c ∈ N, we have b ∗ c ∈ N),
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Commutativity and Cancellativity

Let (M, ∗) be a monoid.

Commutativity

(M, ∗) is said to be commutative if b ∗ c = c ∗ b for all b, c ∈ M.

Cancellativity

(M, ∗) is said to be cancellative if a ∗ c = b ∗ c implies a = b for all
a, b, c ∈ M.

Remark. From now on, we tacitly assume that all monoids are
cancellative and commutative.
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Examples of Monoids

Examples

1 ({e}, ∗) is a monoid with identity element e.

2 (N0,+) is a monoid with identity element 0. We will abuse
notation.

We use N0 to denote this monoid when it is clear from context.

It is the “prototypical” commutative monoid.

3 ({0} ∪ N≥2,+) is a submonoid of N0 with identity element 0.

For any element a we have 0 + a = a, and if a, b ∈ N≥2, then the
integer a+ b ≥ 4 ≥ 2 so a+ b is also an element.

4 (N, ·) is a monoid with identity element 1.

We will use N to denote this monoid.

5 (Q≥0,+) is a monoid with identity element 0.

6 (Q≥1, ·) is a monoid with identity element 1.
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Units (Invertible Elements)

Let (M, ∗) be a monoid.

An element u ∈ M is called a unit or an invertible element if there
exists u−1 ∈ M such that u ∗ u−1 is the identity element.

The set of units is denoted by U(M).

Examples

1 0 is the only unit of N0.

2 1 is the only unit of N.

3 ±1 are the units of (Z\{0}, ·).
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Divisibility and Associates

Let (M, ∗) be a monoid.

An element a is said to divide an element b if there exists an
element c ∈ M such that a ∗ c = b.

This is denoted by a |M b.

Two elements b, c ∈ M are associates if and only if there exists a
u ∈ U(M) such that b = c ∗ u. This is equivalent to b |M c and
c |M b.

Examples

1 For any a, b ∈ N0 we have a |N0 b if and only if a ≤ b.

2 3 |N 6 since 6 = 2 · 3.
3 In ({0} ∪N≥2,+), we have 2 divides 5 (3 is an element), but 4 does

not divide 5 (1 is not an element).

4 In (Z\{0}, ·), the numbers −n and n are associate for any n ∈ N
since −1 is a unit.
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Abelian Groups

An abelian group G = (G , ∗) is defined as a commutative monoid with
the additional property that every element b ∈ G is a unit.

Examples

1 (Z,+), (Q,+), (R,+), and (C,+) are groups.

2 (Z[x ],+) is a group.

3 (Z/nZ,+), the set of integers modulo n under addition, is a group.

4 (Z/pZ\{0}, ·) (nonzero integers modulo p under multiplication) is a
group.

5 (Q\{0}, ·) is a group.

6 (R\{0}, ·) is a group.
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Commutative Rings

A commutative ring with identity is a triple (R,+, ·) consisting of a
nonempty set and two binary operations satisfying the following:

(R,+) forms an abelian group with identity 0R .

R is closed under multiplication, the operation · is associative, and
(R, ·) has 1R as an identity element.

The identity a · (b + c) = a · b + a · c holds for all a, b, c ∈ R
(the distributive law holds!).

Remark. We assume that 0R ̸= 1R in any ring R as otherwise R is trivial
(i.e., R contains exactly one element).

A commutative ring with identity R is called an integral domain
(ID) if there are no non-zero zero divisors. That is, a · b = 0 implies
that a = 0 or b = 0.

We let R∗ = R\{0} when R is an integral domain.
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Examples of Commutative Rings

Examples

1 (Z,+, ·) is the prototypical integral domain.

2 (Z/nZ,+, ·) for n ∈ N≥2 is a CRI but not an ID unless n ∈ P.

For n ∈ P and any a, b ∈ Z/nZ, we have that ab ≡ 0 (mod n)
implies a ≡ 0 (mod n) or b ≡ 0 (mod n).

For n composite, there exist positive integers a, b ∈ (1, n) such that
ab = n so ab ≡ 0 (mod n), but a, b ̸≡ 0 (mod n).

3 (Z[x ],+, ·) is an ID.

4 Similarly, (Q[x ],+, ·), (R[x ],+, ·), and (C[x ],+, ·) are IDs.
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Fields

A field (F ,+, ·) is a ring such that every b ̸= 0F in F has a
multiplicative inverse.

This is equivalent to (F ∗, ·) is a group.

Remark. Every field is an integral domain.

Examples

1 (Q,+, ·) is a field because every nonzero element r ∈ Q has
multiplicative inverse 1

r .

2 Similarly, (R,+, ·) and (C,+, ·) are fields.

3 (Z/pZ,+, ·) is a field for p ∈ P since every nonzero residue has a
multiplicative inverse modulo p.
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Atoms (Irreducible Elements)

Let (M, ∗) be a monoid.

A nonunit element b of M is called an atom or an irreducible
element if there do not exist nonunits c , d ∈ M such that b = c ∗ d .

We use A(M) to denote the set of atoms.

Examples

1 A(N0) = {1}.

2 A(N) = P.
3 A(({0} ∪ N≥2,+)) = {2, 3}.

0 is a unit so it is not an atom.

For n ≥ 4, we have n = 2 + (n− 2), and n− 2 ≥ 2 so n− 2 ∈ N≥2.
This means n is not an atom.

Since 1 is not in the monoid, the only decomposition of 2 is 2 + 0,
but 0 is a unit, so 2 is an atom.

Similarly, the only decomposition of 3 is 3 + 0, so 3 is also an atom.
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Atomicity

Let (M, ∗) be a monoid.

An element b ∈ M\U(M) is called atomic if it can be written as a
finite product of atoms.

If every b ∈ M\U(M) is atomic, the monoid M is called an atomic
monoid.

Example. ({0} ∪ N≥2,+) is atomic since every positive even integer can
be expressed as

2n = 2 + 2 + · · ·+ 2︸ ︷︷ ︸
n 2’s

,

and every positive odd integer at least 3 can be expressed as

2n + 3 = 3 + 2 + 2 + · · ·+ 2︸ ︷︷ ︸
n 2’s

.

Example. N is atomic since every positive integer can be expressed as a
finite product of prime numbers.
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The Unique Factorization Property

Let (M, ∗) be a monoid. For b ∈ M, we let Z(b) denote the set
containing the factorizations of b into atoms.

Remark. Note (M, ∗) being atomic is equivalent to |Z(b)| ≥ 1 for all
b ∈ M.

If |Z(b)| = 1 for all b ∈ M, the monoid M is called a UFM or a
unique factorization monoid.

Examples

1 N0 is a UFM (n = 1 + 1 + · · ·+ 1︸ ︷︷ ︸
n 1’s

).

2 N is a UFM by the Fundamental Theorem of Arithmetic.

3 (Z[i ]∗, ·), called the monoid of Gaussian integers, is also a UFM.
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The Finite Factorization Property

Let (M, ∗) be a monoid.

In an atomic monoid M, if Z(b) is finite for all b ∈ M, the monoid
M has the FF property and is called a finite factorization monoid
(FFM).

An integral domain R is said to have the FF property if the monoid
R∗ has the same property.

Remark. Every UFM is an FFM.

Example. The monoid ({0} ∪ N≥2,+) is an FFM but not a UFM.

The atoms are {2, 3}.

6 = 2 + 2 + 2 = 3 + 3, so the monoid is not a UFM.

For all nonzero n in this monoid, if

n = 2 + 2 + · · ·+ 2︸ ︷︷ ︸
a 2’s

+3 + 3 + · · ·+ 3︸ ︷︷ ︸
b 3’s

= 2a+ 3b,

where a, b ∈ N0, then a ≤ n and b ≤ n so there are at most (n+1)2

distinct factorizations. This is finite so the monoid is an FFM.
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The FF Property - Another Example

Example. Let R be the integral domain Z[
√
−5].

We can use the multiplicative map N : R → N0 defined by
N(a+

√
−5b) = a2 + 5b2.

As a result, if c |R d , then N(c) | N(d).

Using the map N, we can argue that R is an FFD (it is well known
that a monoid is an FFM if it is atomic and every element has only
finitely many irreducible divisors).

2, 3, 1±
√
−5 are atoms of R.

Note that there is no element c such that N(c) ∈ {2, 3}.
Also, if N(c) = 1, then c ∈ {1,−1} = U((R, ·)).
N(2) = 4, so 2 is an atom.

Similarly N(3) = 9 and N(1±
√
−5) = 6 so these are also atoms.

Using this, we can show R is not a UFD because
6 = 2 · 3 = (1 +

√
−5)(1−

√
−5).
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Greatest Common Divisors (GCD)

Let (M, ∗) be a monoid.

For a set S ⊆ M, an element d is called a common divisor of S if it
divides all elements of S .

The set of units U(M) are common divisors of every set.

An element d is called the greatest common divisor (GCD) of S if every
other common divisor d ′ of S divides d .

Note that there is at most one GCD, up to associates.

A monoid M is said to be a GCD monoid if every finite nonempty subset
S ⊆ M has a GCD.

Similarly, an integral domain R is said to be a GCD domain if (R∗, ·) is a
GCD monoid.
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More on GCDs

Examples.

1 The monoid N is a GCD monoid.

2 In the monoid N0, the GCD of any finite nonempty subset S is
min(S).

If d is a common divisor, then d ≤ min(S) so d |N0 min(S).

3 In the monoid of dyadic rationals (N0[1/2],+), where

N0[1/2] :=
{
p(1/2) : p(x) ∈ N0[x ]

}
,

the GCD of any finite nonempty subset S is min(S).

For all elements a, b, if a ≤ b, then b − a ≥ 0 is also dyadic and
therefore is an element of this monoid.

Therefore, if d is a common divisor, then d ≤ min(S) and so
d |N0[

1
2
] min(S).

Remark. Every UFM is a GCD monoid.
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Maximal Common Divisors (MCD)

An element d is called a maximal common divisor (MCD) of S if the set
S/d := {s/d : s ∈ S} has no nonunit common divisors.

A monoid M is said to be a MCD monoid if every finite nonempty
subset S ⊆ M has at least one MCD.

A monoid M is said to be a MCD-finite monoid if every finite
nonempty subset S ⊆ M has finitely many MCDs (possibly zero) up
to associates.

A monoid M is a q-GCD monoid if every finite nonempty subset
S ⊆ M has at most one MCD (possibly zero) up to associates.

Example. In the monoid N, the numbers 4, 6 have common divisors 1, 2,
and 2 is the unique GCD and MCD.

Remark. Every FFM is MCD and MCD-finite.
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More on Common Divisors

Example. In the monoid M := ({0} ∪ N≥2,+), the set {5, 6} has
nonzero common divisors 2, 3, both of which are MCDs, but neither of
which are GCD.

5 has divisors 0, 2, 3, 5.

6 has divisors 0, 2, 3, 4, 6.

The common divisors are 0, 2, 3.

Since 5 = 2 + 3 and 6 = 2 + 4, and the elements 3 and 4 have no
nonzero common divisor, then 2 is an MCD of {5, 6}.

Similarly, note 5 = 3 + 2 and 6 = 3 + 3, and the elements 2 and 3
have no nonzero common divisor (both are atoms), so 3 is also an
MCD.

However 2 ∤M 3 and 3 ∤M 2 so neither is a GCD.

Remark. For a set S , if a GCD exists, it is the unique MCD. However,
MCDs are not always unique.
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Torsion-Free Monoids

Let (M, ∗) be a monoid.

We let an = a ∗ a ∗ · · · ∗ a︸ ︷︷ ︸
n a′s

for a ∈ M.

M is called torsion-free if an = bn for any n ∈ N and a, b ∈ M
implies that a = b.

Examples

1 N0 is a torsion-free monoid because if na = an = bn = nb for any
n ∈ N, then we have a = b by dividing out by n as n ̸= 0.

2 (Z/nZ,+) with n ∈ N under addition is not a torsion-free monoid
as na = 0 = nb for any a, b ∈ Z/nZ.
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Linearly Orderable Monoids

A monoid (M, ∗) is linearly orderable if there exists a total order ⪯ such
that a ⪯ b means a ∗ c ⪯ b ∗ c for all a, b, c ∈ M.

Theorem (Levi, 1913)

For a commutative monoid M, the following statements are equivalent:

M is linearly orderable.

M is cancellative and torsion-free.

Examples

1 N under the total order ≤. If a ≤ b, then we have that a · c ≤ b · c
as c > 0.

2 Submonoids of (Q≥0,+), which are called Puiseux monoids with
total order ≤. If a ≤ b, then we have a+ c ≤ b + c .

3 Submonoids of (R≥0,+), which are called positive monoids with
total order ≤.
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Valuation Monoids

A monoid (M, ∗) is called a valuation monoid if, for every b, c ∈ M,
either b |M c or c |M b.

Remark. Every valuation monoid is also GCD monoid because in a set,
there must exist one element that divides all the other elements.

Examples

1 All groups, as every element divides every other element.

2 N0, as if a ≤ b, then b − a ∈ N0 and so a |M b.

3 Similarly, (Q≥0,+) and (N0

[
1
2

]
,+) are valuation monoids.

4 G≥0 for some subgroup G of (R,+), as if a ≤ b, then a |M b as
b − a ∈ G and b − a ≥ 0. The last examples are special cases of
this example where we took G ∈

{
Z,Q,Z

[
1
2

]}
.
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Puiseux Valuation Monoids

Theorem (well-known)

Every Puiseux valuation monoid V can be expressed as V = G≥0 for
some subgroup G of (Q,+).

Remark. This shows that the Puiseux valuation monoids look exactly
like the examples we described in the previous slide.
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Pre-Schreier Property

Let (M, ∗) be a monoid. An element a ∈ M is said to be primal if
a |M b ∗ c implies that there exists elements b′ and c ′ in M such that
a = b′ ∗ c ′, b′ |M b, and c ′ |M c .

A monoid (M, ∗) is said to be pre-Schreier if every element of M is
primal.

Examples

1 The monoid N0 satisfies the pre-Schreier property. Consider
5 |M 3 + 4. We can write 5 = 2 + 3 where 2 |M 3 and 3 |M 4.

2 The monoid {0} ∪Q≥1 is not a pre-Schreier monoid. Consider
3
2 |M 5

4 +
7
4 . Since

3
2 is an atom, if 3

2 = b′ + c ′, one of b′ or c ′ must
be 3

2 , so
3
2 must divide one of the two elements, but this does not

happen.

Remark. All GCD monoids are pre-Schreier monoids.
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Monoid Algebras

Let R be a commutative ring with identity and M be a linearly orderable
monoid. The monoid algebra R[M] is the set of polynomials with
coefficients in R and exponents in M, instead of N0 like a normal
polynomial ring.

R[M] :=

{
n∑

i=1

rix
mi : ri ∈ R,mi ∈ M for all 1 ≤ i ≤ n

}

Note that R[M] is a ring under polynomial addition and multiplication.

Example. Consider monoid algebra Z[Q≥0] and elements f = x2 + 2x
1
2

and g = x
1
2 − 1.

f + g = x2 + 3x
1
2 − 1.

f · g = x
5
2 − x2 + 2x − 2x

1
2 .
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Examples of Monoid Algebras

Let R be an integral domain.

Examples

1 The monoid algebra R[N0] is equivalent to the standard polynomial
ring R[x ].

2 The monoid algebra R[Z] is the ring of Laurent polynomials R[x±1].

3 The monoid algebra R[N0 × N0] is the ring of polynomials in two
variables, also denoted by R[x , y ].
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Monoid Algebras that are Integral Domains

Theorem (well-known)

Let R be a commutative ring with identity, and let M be a commutative
monoid. Then the following conditions are equivalent.

R[M] is an integral domain.

R is an integral domain, and M can be turned into a linearly
orderable monoid.
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Ascent of the MCD Property to Monoid Algebras

A property P is said to ascend to monoid algebras over a field if M
satisfies P implies that the monoid algebra F [M] satisfies P for any field
F .

Question. Does the MCD property ascend to monoid algebras over a
field?

Theorem (Blitz-Han-Gotti-Liang, PRIMES 2025)

Let F be a field and let M be a linearly orderable pre-Schreier monoid. If
M is an MCD monoid, then F [M] is an MCD domain.
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Ascent of the MCD Property – Example

Theorem (Blitz-Han-Gotti-Liang, PRIMES 2025)

Let F be a field and let M be a linearly orderable pre-Schreier monoid. If
M is an MCD monoid, then F [M] is an MCD domain.

Example. Let M be the positive monoid (N0 + N0

√
2,+).

Consider a set S := {a1 + b1
√
2, . . . , ak + bk

√
2}, then we have that

d := min{a1, . . . , ak}+min{b1, . . . , bk}
√
2 must be a maximal

common divisor. This is because the minimality guarantees that d is
common divisor and S/d either contains 0 or contains a and b

√
2

for a, b ∈ N0, which do not share a nonunit common factor.
Therefore, M is an MCD monoid.

If a1 + a2
√
2 |M (b1 + b2

√
2) + (c1 + c2

√
2), then we have that

a1 |N0 b1 + c1 and a2 |N0 b2 + c2. Since N0 is pre-Schreier, we can
apply the primal property of a1 and a2 to find b′1, b

′
2, c

′
1, c

′
2 ∈ N0

such that a1 + a2
√
2 = (b′1 + b′2

√
2) + (c ′1 + c ′2

√
2) where b′1 |M b1,

c ′1 |M c1, etc. Thus, M is a pre-Schreier monoid.
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Ascent of the MCD Property – Example
(Continued)

Theorem (Blitz-Han-Gotti-Liang, PRIMES 2025)

Let F be a field and let M be a linearly orderable pre-Schreier monoid. If
M is an MCD monoid, then F [M] is an MCD domain.

Example. Let M be the positive monoid (N0 + N0

√
2,+).

By our theorem Q[M] is an MCD domain.

For instance, consider S := {x
√
2+1 + x , x2

√
2 + 2x

√
2 + 1}, then all

common divisors must divide

x(x2
√
2 + 2x

√
2 + 1)− x

√
2(x

√
2+1 + x) = x

√
2+1 + x .

However, xa cannot divide any common divisor for any a > 0, as

otherwise, it would not divide the second term. Therefore x
√
2 +1 is

the GCD and therefore an MCD.
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Ascent of the q-GCD Property to Monoid Algebras

Question. Does the q-GCD property ascend to monoid algebras over a
field?

Theorem (Blitz-Han-Gotti-Liang, PRIMES 2025)

Let M be a Puiseux monoid, and let R be a GCD-domain. If M has the
q-GCD property, then R[M] also has the q-GCD property.
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Ascent of the q-GCD Property – Example

Theorem (Blitz-Han-Gotti-Liang, PRIMES 2025)

Let M be a Puiseux monoid, and let R be a GCD-domain. If M has the
q-GCD property, then R[M] also has the q-GCD property.

Example. Let M be the Puiseux monoid (N0

[
1
2

]
,+).

M has the q-GCD property: as M is a valuation monoid,
mcd{q1, . . . , qn} = min{q1, . . . , qn}, for any q1, . . . , qn ∈ M. This is
because a |M b when a ≤ b, so the minimum divides all the term.
Now, dividing out by the minimum element gives a set with the
identity element which does not have any nonunit divisors.

Z is a GCD domain (we have seen this earlier).

By our theorem, Z[M] has the q-GCD property.
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Ascent of the q-GCD Property – Example
(Continued)

Theorem (Blitz-Han-Gotti-Liang, PRIMES 2025)

Let M be a Puiseux monoid, and let R be a GCD-domain. If M has the
q-GCD property, then R[M] also has the q-GCD property.

Example. Let M be the Puiseux monoid (N0

[
1
2

]
,+).

For S := {x 3
2 + x

1
2 , x2 +2x +1}, we have that the common divisors

must divide the linear combination

(x2 + 2x + 1)− x
1
2 (x

3
2 + x

1
2 ) = x + 1.

Now, we get that x + 1 is a common divisor as
S = {x 1

2 (x + 1), (x + 1)(x + 1)}. Therefore, it must be the greatest
common divisor and therefore the set has exactly one MCD.
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Ascent of the MCD-finite Property to Monoid
Algebras

Question. Does there exist a monoid algebra F [M], where F is a field
and M is a Puiseux monoid, that is MCD-finite but not FF?

Theorem (Blitz-Han-Gotti-Liang, PRIMES 2025)

Let F be a field, and let V be a valuation Puiseux monoid that is not
atomic. Then F [V ] is GCD (and therefore MCD-finite) but not FF.
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Ascent of the MCD-finite Property – Example

Theorem (Blitz-Han-Gotti-Liang, PRIMES 2025)

Let F be a field, and let V be a valuation Puiseux monoid that is not
atomic. Then F [V ] is GCD (and therefore MCD-finite) but not FF.

Example. Let V = (N0

[
1
2

]
,+).

V is a valuation monoid as seen in an example in a previous slide.

By our theorem, Q[V ] is an MCD-finite monoid but not FF.

For S := {x 3
2 − x

1
2 , x2 + x

3
2 }, all common divisors must divide

(x2 + x
3
2 )− x

1
2 (x

3
2 − x

1
2 ) = x

3
2 − x = x(x

1
2 − 1).

However, we cannot have a factor of xa with a > 1
2 as otherwise it

would not divide the first term. Therefore, we have that x − x
1
2 is

the GCD and thus, the set has finitely many MCDs.
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Ascent of the MCD-finite Property – Example
(Continued)

Theorem (Blitz-Han-Gotti-Liang, PRIMES 2025)

Let F be a field, and let V be a valuation Puiseux monoid that is not
atomic. Then F [V ] is GCD (and therefore MCD-finite) but not FF.

Example. Let V = (N0

[
1
2

]
,+), and let us consider the monoid algebra

Q[V ].

Since V is a valuation monoid, it is a GCD monoid.

Hence Q[V ] is a GCD domain.

xa is atomic in Q[V ] if and only if a is atomic in V .

No element of N0

[
1
2

]
is atomic: indeed, a = a

2 + a
2 for all a ∈ V .

As 1 is not atomic in V , the monomial x is not atomic in Q[V ].

As Q[V ] is not atomic, it does not have the FF property.
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Power Monoids

Let M be a monoid.

Definition. The sumset of two subsets A,B of a monoid M is defined as
A+ B := {a+ b : a ∈ A, b ∈ B}.
Examples

1 {0, 1, 2}+ {0, 1} = {0, 1, 2, 3}.
2 {0, 2}+ {0, 1} = {0, 1, 2, 3}.

Remark. Note that the power monoids are not cancellative as seen by
the example above.

Power Monoids

Pfin(M) denotes the finitary power monoid of M, which is the
monoid containing all the finite nonempty subsets of M with the
sumset operation +.

Pfin,U (M) denotes the restricted (finitary) power monoid of M,
which is the submonoid of Pfin(M) such that every subset contains
an element of U(M).
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Ascent of the MCD-finite Property to Power
Monoids

Question. Does the MCD-finite property ascend to finitary power
monoids and/or restricted power monoids?

Theorem (Blitz-Han-Gotti-Liang, PRIMES 2025)

For a commutative monoid M, the following statements hold.

1 If M is an MCD-finite monoid, so is Pfin(M).

2 If M is an MCD-finite monoid, so is Pfin,U (M).
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Ascent of the MCD-finite Property – Example

Theorem (Blitz-Han-Gotti-Liang, PRIMES 2025)

For a commutative monoid M, the following statements hold.

1 If M is an MCD-finite monoid, so is Pfin(M).

2 If M is an MCD-finite monoid, so is Pfin,U (M).

Example. Let M = {0} ∪ N≥2.

We have seen that M is a FFM and thus, an MCD-finite monoid.

By the theorem, we have that Pfin(M) is MCD-finite as well.

For example, let S := {{3, 5}, {5, 6}}. It is known that
|A+ B| ≥ |A|+ |B| − 1 ≥ |A|, so the divisors can have at most two
elements.

If the divisor has two elements, then we must be adding them to set
of one element to get {3, 5} and {5, 6}. However, adding one
element must preserve the difference between the two elements of
the divisor, which gives a contradiction as 5− 3 ̸= 6− 5.
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Ascent of the MCD-finite Property – Example
(Continued)

Theorem (Blitz-Han-Gotti-Liang, PRIMES 2025)

For a commutative monoid M, the following statements hold.

1 If M is an MCD-finite monoid, so is Pfin(M).

2 If M is an MCD-finite monoid, so is Pfin,U (M).

Example. Let M = {0} ∪ N≥2.

If the divisor has one element, it must divide 3, 5, 6 in M, which
means it must be 0 or 3. One can check that {3}+ {0, 2} = {3, 5}
and {3}+ {2, 3} = {5, 6} and so {3} is a common divisor. For the
other case, we have S/{0} = S and we have seen that S does
indeed have a nonunit common divisor, so {0} is not an MCD.

Since {0, 2} and {2, 3} can be checked to share no nonunit common
divisors, mcd(S) = {{3}} which is finite.
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Ascent of the MCD-finite Property – Example
(Continued)

Theorem (Blitz-Han-Gotti-Liang, PRIMES 2025)

For a commutative monoid M, the following statements hold.

1 If M is an MCD-finite monoid, so is Pfin(M).

2 If M is an MCD-finite monoid, so is Pfin,U (M).

Example. Consider the numerical monoid M = {0} ∪ N≥2.

M is MCD-finite and, by our theorem, Pfin,U (M) is MCD-finite.

The common divisors of S := {{0, 2, 3, 4, 5}, {0, 2, 4, 6}} are subsets
of the elements, whence every common divisor of S is a subset of
{0, 2, 4} containing 0.

Now the maximal term in the sum of two sets must be the sum of
the maximal term in both sets.

If the subset contains 4, then we get that 5 must be the sum of 4
and another element, but this is impossible.

Thus, the only possible nonunit common divisor is {0, 2}, which can
be checked to work, and is the MCD.
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End of Presentation

Thank you for your time!
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