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Overview

The valuation property is an interesting topic in semiring theory. We
completely characterize the additive monoids of cyclic semirings
with this property in terms of other well-studied conditions and
structures, and obtain results about the “density” of such valuation
monoids.
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N, denotes the nonnegative integers, {0, 1, 2, . .. }. What does IN, have?

e Ithasan operation — addition (+) Amonoid (M, *) is a set M with a
o Commutativity,so a+b=Db+a binary operation x: M — M
. satisfying these properties.
o Associativity,so a+ (b+c¢) = (a+b) +¢

gnQ g _ If the operations are clear, we refer to the
o Additive Identlty, soato=a entire monoid by just the set M itself.
e But, N, is more than addition — it has multiplication (-)
o Commutativity, Associativity, and Multiplicative Identity (a - 1 = a)
o Both an additive and a multiplicative monoid!
o Multiplication distributes over addition, soa- (b+¢) =a-b+a-c

e Together, these conditions make IN, a semiring
o This blend leads to a very rich and interesting structure

(We use IN to represent the positive integers, {1,2,3,... } = Ny \ {0}.)
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IN, = prototypical semiring. What are some others?

e Rings are semirings with negatives (additive inverses)

C — complex numbers

Z [x] — polynomials with integer coefficients

- Under standard polynomial addition and multiplication

o ZlJi] (* = —1) — Gaussian integers — {a + bi | a,b € Z}

o Zlw] (w? =1 # w)— Eisenstein integers — {a + bw + cw? | a,b,c € Z}

o Eachahas —awitha + (—a) = o, so the additive monoid is an abelian group
o Z — (rational) integers,i.e.,{...,—2,—1,0,1,2,...}

o Q —rationals

o R —reals

O

O

e IN,[x] — semiring of polynomials with coefficients in IN,
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e Whatis IN,[i]? Is the set{a + bi | a, b € IN,} still what we want?
o No! —not even a semiring since this lacks multiplicative closure
o Cannot define multiplication because i - i = —1is not in the semiring

Instead, explicitly define IN,[«] as smallest semiring containing o
o Formally, smallest by containment (but then, prove a minimal one exists)

Hard to work with — explicit definition, no explicit construction
o Fact— we can get IN,[«] by evaluating any polynomial in ]N [x] at x = oc

o One can show Z[i] ={f(i) | f(x) [x]} and Z[w] = {f(w) | f(x)

Nolod = {f(ex) | f(x) € INolx }— evaluatlon semiring
o Cyclic — formed from a single element «

Fact — additive monoid is generated by powers of «
o IN, [ consists of all finite sum of generators o, e.g., 17 + 307 + 2%
o Non-uniquely — w® + w? 4+ 2w = w* in the Eisenstein integers
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Each of those three characterizations of IN,[«] is useful.

e INy[n] =N, = n € I\, as, otherwise, the semiring must expand
e INy[n] =N, <= n € IN, as it is the smallest semiring with n

e IN,[—1] = Z as —1 generates all the negative integers

e No[v2] ={a+byv2]|abeNy}as (\/Z)k is redundant for k > 1
° ]No[ﬂ — {% ‘ a,n e ]NO} since the c;x' term in f(x) maps to %
e They get scarier — we allow « to be any complex number
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What is IN,[7t]?

e Tis transcendental — it satisfies no algebraic relations (over Q)
o Where else do we see a variable with no algebraic relations? N, [x]

e xis a formal indeterminate — it also satisfies no algebraic relations

e —> IN,[rt] = IN,[x], and the same for any transcendental

e The symbol = means isomorphic, or essentially the same
o Loosely speaking, the two structures have all the same algebraic properties
o All we need is to relabel their elements for them to be identical
o Formally, this relabeling is a bijection (one-to-one and onto) ¢ that satisfies
o(a+b) = @(a) + @(b), p(a-b) = @(a) - @(b), p(0) =0,and @(1) =1
o o and1are the additive and multiplicative identities of any general semiring
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Why are semirings interesting?

Interplay between additive and multiplicative structures
o Related to much (Goldbach’s conjecture, Fermat’s Last Theorem, etc.)

e Natural setting to investigate factorization theory + divisibility
o Applicable to commutative algebra (e.g., monoid algebras)

e Our research ties together many seemingly disparate areas
o field + Galois theory,
o theory of linear recurrences,
o and linear algebra

It is just cool!
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e Exclusively focus on the additive monoid (set aside multiplication)
o My := (INo[ed, +) — what terminology do we use to explore this structure?

e “adivides b” (or “a | b”) if there exists some cwitha +c=Db
o 2|3inany M, because2+1=3
o a|aforeveryabecausea+0=a
- Reflexivity of divisibility
o The additive identity divides everything because 0 + a = a
o Ifalbandb|c,thena|c(sincea+b’ =bandb+c¢ =c,soa+b' +c¢c =)
- Transitivity of divisibility

e “aisan unit” if a divides every other element
o Unit <= divides the additive identity 0o —if a | 0, thena | b because o | b
o ois positive => M has only nonnegative elements = the only unitis o
- “M is reduced” when no nonzero units — happens if (but not only if) & > o
o An abelian group is where every element is a unit (each has a negative)
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e “aisanatom”if non-unit & ifb + ¢ = a, then b or cis a unit
o Also called “irreducibles” — all you can shave off are units, nothing sizable
o If o > 1,then1isanatomin M, (meaning 1 has no interesting factorizations)
o 21isnever an atom since 2 = 1+ 1 (even if 1is a unit, then 1 + 11is a unit)

e Atoms are similar to primes in the natural numbers
o Fundamental Theorem of Arithmetic — every n € IN can be expressed
uniquely as a product of primes; we call this unique factorization

o Atoms are like the building blocks of a monoid
o “b € Misatomic” if b is a unit or can be expressed as a finite sum of atoms

o “Mis atomic” if every element is atomic



EXPLORATION
©0000000

e Traditionally, the focus is on the factorization properties
o A factorization is writing something as a sum of atoms
o We ask is there unique factorization? If not, what is there?

e Consider M, /, for any integer n > 1
o E.g.,M,/, = dyadicrationals — anything whose denominator is a power of two
a a ,
o Foranya,a = — + —, soaisnotanatom
o = no atoms, so no building blocks, and no factorizations!
o So, M/, is not atomic

e Antimatter — no atoms, no element has a factorization
o Still an interesting case to study

o Other examples —Q~,, Q>, U R, and many more
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e But, M,;; = IN; has atoms — find something of M, , foralln € IN
o Foranyn € IN,ifa, b € M,,, eithera |borb|a
o Clear in N, since |[a — b| € IN,, so the smaller divides the bigger
o InM,/,, |a — bl is nonnegative and dyadic (denominator still a power of two)

e Valuation property — for any two elements, one divides the other
o Alternatively, we say that any two elements are comparable
o This makes divisibility a total order — everything fits on a line

e Any abelian group is valuation (everything divides everything else)
o Valuation monoids are like “half” of an abelian group

e Whatis not a valuation monoid?
o M ;isnot— V2.1 1(1is the smallest positive element), but also 11 v/2
o M, isnot— 7" is an atom for each n € IN, — same for any transcendental
- Atoms mess things up — in reduced monoids, atoms don’t divide each other



Which M, are valuation? Can M, be valuation if « is irrational?

_ V51

e Yes. o' = _— where @ is the golden ratio. Proof. Technical.

o Can we delineate further than (ir)rational? Are they arbitrarily complicated?

e We use rank to measure this sense of “intricacy”
o M,,, is rank one because 1/7 is rational (if » € IN)
o M is rank two because ¢ " satisfies a quadratic polynomial x* + x —1 =10

e Every algebraic & has a minimal polynomial, m,(x) € Qlx]
o Monic (leading coefficient 1) polynomial of least degree with « as a root
o “ais algebraic” if « satisfies a polynomial in Q[x] (else transcendental)

e “M, is a monoid of rank " if degm(x) = r (deg is the degree)
o Not the most general definition of rank, but suffices here
o Instead of (ir)rational, are there co-ly many non-isomorphic valuation of each rank?
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We first address some algebraic considerations.

e Transcendental =boring, since never valuation
o Other redundant cases?

e “ocand {3 are algebraic conjugates” if my(x) = mg(x)
o (and, both are algebraic)
o e.g.,v/2and —/2,0r7+17iand 7 — 17

e Fact—if f(x) = oforf(x) € Qlx], then my(x) is a factor of f (x)
e Consequence —if f() = o,thenf(f) =0

e Algebraic conjugates satisfy the same relations!
o Do they generate the same monoids?
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Theorem (Correa-Morris and Gotti, 2022)
If x and 3 are algebraic conjugates, then My = Mg.

In fact, we can say more about algebraic conjugates.

e If xis positive, M, is reduced... good!
o If achas a positive conjugate, M, is reduced... good!

e If o has no positive conjugates... opposite of reduced!
Theorem (Gotti, Hong, and Li, 202?)
If o is algebraic with no positive conjugates, then M is an abelian group.

Abelian groups are valuation = focus on positive real algebraic c.
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More easy cases. Remember, &« € R, is algebraic.

o If x > 1, M isvaluation <= o is an integer
o Proof. Consider the atoms in M, —if & ¢ IN,, then 1 and o are atoms
o Infact, M is valuation = M, antimatter (or M, = IN,)
o We therefore focus on positive & < 1

e What if « is rational (takeq € Q N (0,1))?

We already know M, is valuation if g € IN (the unit fractions)

Whatif n(q) # 1, where n(q) is the numerator of ¢

In M, /5, the generators are i, g, Z%, and so on

- They are all even! Every element < 1 has an even numerator, but 1is odd
So,1isanatomifn(q) #1

- Infact, ¢" is an atom for any n € IN,, by considering p-adic valuations

M, is valuation <= ¢ € IN (this idea of integers will return later)

o

o

O

(@)

(@)
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Widely applicable theorem (e.g., to find when M, is an abelian group)
Theorem (Descartes’ Rule of. Signs)

The number of sign changes in f(x) € R [x] has the same parity and is at
least the number of positive roots (countzn g multiplicity).

Polynomial Sign Changes Positive Roots
x+1 o o
X¥—x*+x—1=(x*+1)(x—1) 3 1
52 — 1 1
e’ —x7 + 7 2 o




Can we show o has no positive conjugate (aside from itself)?

e Essentially, can my(x) have > 1 positive root if valuation?

e If M, is valuation, M, is antimatter (since & < 1)
o 1isnotanatom = we can write 1 = a;x + d,0* + a;0¢ + - - - + a, o
o Formally, 1 = h(«) where h(x) € xIN,[x] — antimatter decomposition

e h(x) —1hasone sign change = h(x) — 1 has 1 positive root

e But, my(x) is a factor of h(x) — 1 = h(x) — 1 has > 1 positive root
o Because each root to m,(x) is also a root to any of its multiples

e Contradiction!

Valuation —> « has one positive conjugate (itself)



REsuLTS

@00000000

e So, we know one thing that valuation implies
o Cannot be sufficient — every rational has no conjugates (i.e., rank one)

e For rationals, recall «™ € IN — we must generalize the integers
o “Pisan algebraicinteger” if mg(x) € Z[x]
o Agrees with the normal notion of integers for the rationals Presented
- 17 (s my;(x) = x —17), not 7 (@s m,/,(x) =x — 7 at SWIM

o @as@*— @ —1=o0(recall M, is Valfy< 2 weeks ago!
Theorem (D-D-G-L-P-V-Z, 2025)
Ifx € (0,1) is algebraic, then M is antimatter if and only if
e o has no positive conjugate aside from itself,

o o 'isan algebraic integer,

e |p| < ot forevery conjugate p to !

— 50, ' dominates.
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e Valuation = antimatter (so long as o« ¢ INp)

e Does antimatter —> valuation?

\f {b\f a
0o A=4/-=My=< —/-+—
2 2m\ 2 2"

. a 1
Quite closely resembles M. = {; ‘ anec lNo} — where o> = ;

a,nbme ]No}—so, no

O

(@)

Infact, My = Mgz X My = M2, (the product of the two monoids)
Everything in M, can be expressed as a tuple (2-ple) of elements in M.
M is the product of 2 component monoids, each of which looks like M 4.

(@)

(@)

e Non-trivial products (neither is a group) are never valuation
o Take non-unitsx € Mandy € N, so (x,0), (0,y) € M x N are incomparable

e Can we salvage?
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o mu(x) =x — 7, while my(x) = x* — 2

e my(x) is more complicated — explains the product structure
o What specifically about m (x) indicates the product (with two components)?

e Support (supp) — set of exponents attached to nonzero coefficients
o supp my(x) = {0, 2}, while supp mq.(x) = {0, 1}

o “f(x) is simple” if gcd supp f(x) = 1, 0 Mmy2(x), not my (x)
o Ifk = gcd supp f(x), then g(x) = f(x/*) is simple (and g(x") = f(x))

e “M, is simple” if & algebraic and m(x) simple, so Mz, not My
Theorem (Chen, Gotti, Lu, and Yao, 2025)
For any algebraic o, if k = gcd supp my(x), then My = Mﬁck'

Every semiring M, is a product of simple semirings!
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, 1
Consider ax = \‘/j forsomed,n € N
n

M, is clearly antimatter... but not valuation (1 { « and o 1 1)

On the other hand, any element in M, is a linear combination of

Lo, ..., o)

By linear independence, each element can be represented as a
d-tuple of elements in M, ,

o :>M(XEM‘;Z(J
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e Hope — antimatter —> product of valuation

e Goal — simple antimatter = valuation

e Tool — antimatter decompositions
o «isantimatter = there exists p(x) € xIN,[x] — 1 that has «c as a root
o p(x) is much easier to work with — nice form, and a multiple of m (x)

Theorem (Handelman, 1992 (Reformulation))

For positive o, if M, is simple and antimatter, then my (x) has a simple
multiple in xINo[x] — 1.

Simple is all we need!
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Theorem (Chen, Gotti, Lu, and Yao 2025)

If o is algebraic and there exists a simple polynomial p(x) € xIN,[x] —1
such that p(«) = o, then My is a valuation monoid.

Sketch of Proof.

e View any difference |f(x) — g(«)|in Z[x]; we need to add or
subtract multiples of m(x) to turn it into an element of xIN [x]

e Not too different from antimatter, where we decompose 1 into
p(x) + 1 € xIN, [x] by Handelman's result

Heavily relies on the exact characterization of antimatter M
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Can we combine those results?

e Given some algebraic o with M, antimatter, identify M, as fo .
o k = gcd supp my (x) (as in our theorem) to make M i simple
o M, remains antimatter (a slight modification to p(x) works — just p(x*/*))

e Handelman = p(x) € xIN,[x] — 1 with p(ock) = o0 and simple
e —> M isvaluation

o — My = lexk is a product of k valuation monoids

Theorem (Chen, Gotti, Lu, and Yao 2025)

If M is antimatter, it is the product of finitely many valuation monoids.
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Putting everything together.

Theorem (Chen, Gotti, Lu, and Yao 2025)

The following statements are equivalent for positive «.

o M, isvaluation.

o M, is simple and antimatter.

o o 'isan algebraic integer, has no positive conjugate aside from itself, and
exceeds each of its conjugates by norm.



—> Quick to verify if M, is valuation

e Our last example — prove that valuation is “dense”
o LetV C (o0,1) be the set of « for which M is valuation

e IsVdensein (0,1)?
o Foranyr € (0,1)and ¢ > 0, canwe can find x € Vwith |[r — of < €?
o Easy for antimatter — take /2 ford,n € N
- If dis big, d* roots of consecutive integers are close

e However, minimal polynomial is nx? — 1— not valuation

o What about making a small shift = (n — 1)x? + x4 — 12
o Can easily check all conditions to show valuation (no need for irreducibility)
o By substituting n — n* and d — kd, we approach the desired /%

e Visdense around a set dense in (0,1) =— Visdensein (0, 1)
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